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Abstract

In this paper, we propose an application of the Multiple Objective Network optimiza-
tion based on the Ant Colony Optimization - MONACO - algorithm. As the name sug-
gests, this meta-heuristic adapts the Ant Colony Optimization algorithms - ACO -
to the multiple objective case. Particularly adjustable to network problems, MONACO
produces an approximation to the Pareto set. The MONACO algorithm uses as many
pheromone trails as the number of criteria and some local operators to increase the
speed of the process and the quality of the results.
To test MONACO we used the NP multiple criteria minimum spanning trees problem.
We will first draw some properties that can help to characterize the problem, as well
as to produce heuristics to solve it in a more efficient way.
Finally, we will present our results and compare them to the efficient subset of solu-
tions produced by the weighted sum method for three types of network with: random
weights, correlated weights and concave Pareto fronts.
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1 Introduction

Beyond the inherent complexity associated to contingencies like the increasing sizes,
topologies and dynamics, real world network conception and optimization problems
are extremely intricate due the multiple criteria to be satisfied.

In the big panoply of network problems, designers are challenged to give their best
to maximize factors like: productivity, reliability, longevity, efficiency or quality. At the
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same time, other conflicting factors, like the product final cost, the maintenance cost
and other weights, are to be minimized. This requirement of accomplishing, in simul-
taneous, several conflicting objectives, implies the nonexistence of one single solution
that can be considered as the optimum, since improving one of the objective will worse
the others.

As a consequence, a set of networks that represents the best compromise between
the conflicting objectives, called the efficient set, is most suitable, being left the final
verdict of picking one of those optimal trade-off answers to a Decision Maker, that as
to classify them according to some criteria.

On the other hand, the computation of the efficient set of networks can be imprac-
tical or even impossible due to factors like the absence of efficient algorithms or its car-
dinality, which implies that a representative collection of optimum or quasi-optimum
solutions can eventually be acceptable.

One of the biggest collections of network design problems, from which several
multiple criteria optimization problems have been derived, is the spanning trees class.
A spanning tree is an acyclic complete connected graph, or in other words, a spanning
tree can be thought as a way to connect a collection of n sites by a ”good” network
(Sack, 2000). Several geometric network design and application problems base their
solutions on spanning trees, like for example: electrical power and cable TV networks,
VLSI circuits (Atallah, 1999), road network design (Hu, 1974), medical imaging (An,
2000) and telecommunications networks - like for instance the IEEE 802.1D standard
known as the spanning tree protocol, the Quality of Service problems (Yu, 2003), the
shipboard power system (Cartes, 2005) and the robust spanning trees (Montemanni,
2003). As a result of this large number of applications, several variants have been de-
fined, including a large number of NP cases, that depend on the metric used and the
restriction applied to the network like: the minimum/maximum weight spanning tree,
minimum diameter spanning tree, k-degree spanning tree, minimum k-spanning tree,
minimum degree spanning tree, minimum communication cost spanning tree, and sev-
eral others (Ausiello, 1999). Most of these problems are well studied in single objective
area but few works are known for the multiple objective case.

In this paper, we devote our attention to the multiple criteria minimum spanning
trees case. The single objective minimum spanning tree problem (a tree for which its
weight is minimal over all spanning trees weights) and a greedy efficient algorithm to
solve it, were first introduced by Bo̊ruvka in order to design an electrical network for
the southern Moravia (Nesetril, 2001). Although Bo̊ruvka was the first to introduce and
solve the problem, the solution was for some time attributed to Kruskal and Prim, also
efficient, algorithms (Jungnickel, 1999).

On the other hand, the multiple objective minimum spanning trees case, even in
its unconstrained form, isNP-hard andNP-# - in the worst case can have as many so-
lutions as the number of trees that goes up to nn−2 (Cayley’s theorem) for the complete
graph, Kn - (Hamacher, 1994). Although the increasing interest of the problem a yet
relatively small number of related works are present in literature. Algorithms to scan
all spanning trees become untreatable for small networks. For example, the recursion
algorithm from Ramos et al. (1998) or the one from Shioura et al. (1997), have an high
order of complexity with one of the best taking O(nST + nn + ne) time and O(nn + ne)
space, where nST is the number of spanning trees, nn the number of nodes and ne

the number of edges. Other greedy techniques use local search procedures (Andersen,
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1996; Hamacher, 1994). For some variants, like the degree-constrained minimum span-
ning tree, evolutionary meta-heuristics methods were introduced besides those local
search techniques (Knowles, 2001a; Knowles, 2001b; Zhou, 1999).

Facing this complexity inherent to the generality of the multiple objective opti-
mization problems, over the years several techniques were developed. Earlier classical
multiple objective optimization approaches transform the multiple objective into a sin-
gle objective problem. Usually a priori, those methods establish an objective function
through the use of a weight vector that represents the choices regarding the signifi-
cance of the objectives. Then, the use of a known single objective method returns a
unique, not necessary different, solution for each run. Several difficulties can emerge
from those techniques like the nonexistence of efficient algorithms for the resulting sin-
gle objective problem or the difficulties to produce representative efficient sets for some
types of fronts, like the concave (Deb, 2001).

Alternatively to these classic techniques, in the last decades and following
the increasing computational capacities, a set of computationally demanding meta-
heuristical methods based in stochastic processes, were probed and had very expressive
success to approximate solutions for some of the most demanding multiple objective
optimization problems. These global optimization methods, usually established over
biological or physical principles, are settled on the use of pseudo-random processes
and specific heuristics, to establish near-optimum efficient sets for the proposed prob-
lems. Some examples are the Genetic Algorithms - for which VEGA, NSGA I/II and
MOGA are examples of multiple objective implementation - (Coello, 2001; Deb, 2001;
Parmee, 2001), the Simulated Annealing algorithms - a multiple objective implementa-
tion example: PSA - (Czyzak, 1998; Sait, 1997) and Swarm Intelligence Algorithms (Ray,
2002; Doerner, 2004; Dorigo, 1999; Kassabalidis, 2001). These meta-heuristics proved
to be versatile, robust when well adapted and, most of the times, easily to parallelize.
Furthermore, the algorithms that use populations in the process, like the Genetic and
the Swarm Intelligence Algorithms, have a straight way to generate and maintain the
efficient set.

In particular, the Swarm Intelligence algorithms use a set of unfussy autonomous
swarm members, that over some simple primitives regarding communication between
the agents and agents (re)actions, display emergent complex global intelligence. For
example, the Ant Colony Optimization algorithms use a set of artificial ants that com-
municate using artificial pheromone trails. These pheromone trails allows the artificial
ants to make a stochastic oriented search, reflecting previous solutions in their choices.
Those algorithms were first applied with success, to some of the hardest combinatorial
single objective problems, like the Traveling Salesman Person, the quadratic assign-
ment, the job-shop scheduling, the graph coloring, the network routing and the vehicle
routing problem (Bullnheimer, 1999; Dorigo, 1999a; Dorigo, 1999b; Maniezzo, 1999;
Sim, 2002). A more extensive list of application as well as the respective references can
be found in (Dorigo, 2000).

More recently, we proposed an algorithm called MONACO - Multiple Objective Net-
work optimization based on the Ant Colony Optimization - to solve some of this com-
binatorial multiple criteria problems (Cardoso, 2003). Particularly well adaptable to
network problems, this process uses multiple pheromone trails (one for each objective),
that work has a memory of the more promising components to include in the solutions.
It also specifies the inclusion of adapted to the problem local heuristics and refinement
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operators to help to improve the algorithms efficiency.

In this paper we present an application of the MONACO algorithm to the multiple
criteria minimum spanning trees problem. The construction process of a tree is divided
in three phases: first a set of disjoint subtrees are created, followed by the combination
of those subtrees to obtain a unique spanning tree and, finally, the application of a local
optimizer to the tree that results from the two previous steps.

In shorten, we will show some theoretical results for the multiple objective min-
imum spanning tree problem and present our adaptation of the MONACO algorithm for
this problem. We will see that our method produces good fronts, comparable to the
efficient subset produced by a weighted sum process although, in general, MONACO re-
turns a larger number of solutions. We will also see that MONACO produces solutions in
the concave front regions, that are commonly hard to achieve using the weighted sum
method.

The remainder of the paper is organized as follow: in the second section, we in-
troduce some preliminary results over multiple criteria decision and MONACO algorithm.
In Section 3, we acquaint with some properties concerning the multiple objective mini-
mum spanning trees. In the last sections, we explain the adaptation made to the MONACO
algorithm to solve the referred problem, present some results, draw conclusions and
suggest future work.

2 Preliminaries

2.1 Multiple criteria decision making

In this section we will briefly introduce some basic definitions and results referring
multiple objective optimization.

2.1.1 Definitions

The feasible set of solution, S, of a multiple criteria optimization problem is defined
as S ⊆ 2A where A = {a1, a2, . . . , an}. For instance, in the spanning tree case A is the
set of edges of the network. In general, for each solution s ∈ S, the typical objective
functions components are defined as

wi(s) =
∑
a∈s

zi(a), i = 1, 2, . . . ,m, (1)

or
wi(s) = max

a∈s
zi(a), i = 1, 2, . . . ,m, (2)

where zi : A → IR is the i component of the weight associated to each of the elements
of A. Formula (1) and (2) are usually called sum objective and bottleneck objective,
respectively.

So, we can mathematically define the multiple criteria combinatorial optimization
problem as

optimizes∈SW(s)

where
W : S → IRm

s 7→ (w1(s), w2(s), . . . , wm(s))
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is the weight vector associated to solution s and optimize means that we either want to
minimize or maximize the weights, wi (i = 1, 2, . . . ,m). In this paper, we will always
consider that all the objectives are to be minimized, since that for a maximization pro-
cess we can apply the duality principle, min−wk. Therefore, from now on we will use
min∗ to mean that all objectives are to be minimized,

min
s∈S

∗ W(s).

Now, for instance, min∗W could be defined as

min
s∈S

max
i=1,2,...,m

wi(s),

called the max-ordering problem (often also called min-max problem) or, as we shall
follow in this work, the definition used by Vilfred Pareto called Pareto efficiency or
dominance. We can define the Pareto set as the best collection of solutions, in the sense
that, for those solutions one objective function can only be improved at the expense of
worsen at least one of the others.

Let us first define the strict partial order dominance relation, ≺. A solution s ∈ S
dominates t ∈ S, and we write s ≺ t, if wi(s) ≤ wi(t) for all i ∈ {1, 2, . . . ,m} and for at
least one j ∈ {1, 2, . . . ,m}we have wj(s) < wj(t).

Given the dominance definition, a solution s∗ ∈ S is called a Pareto optimal if
there exists no other s ∈ S such that s ≺ s∗ and the non-dominated set of the feasible
solutions is called Pareto set, Pareto front or efficient set. In Figure 1 we can see a
typical Pareto front for a bi-objective minimization problem: the gray region is the
dominated region, that is, solutions for which the weight vector lies in that region are
dominated by the solutions for which the vector weights are represented by the black
dots, that represent the optimal solutions weights.

w1

w
2

Figure 1: Tipical Pareto front for two objectivesW(s) = (w1(s), w2(s)) to be minimized:
solutions with vector weights in the gray region are dominated by solutions with vector
weights represented by the black dots.

2.1.2 Classical techniques

Due to the complexity inherent to most of the multiple criteria problems, several tech-
niques were developed that take use of single objective algorithms. Examples are the
ε-constraint method where one of the objectives is minimized restricting the others
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within an ε value or the weighted metric where for some ideal solution, s∗, the ob-
jective is to

min
s∈S

p

√√√√ m∑
i=1

li |wi(s)− wi(s∗)|p

with
∑m

i=1 li = 1, li > 0 (Deb, 2001). Other example is the weighted sum where, for
some pondering weights li > 0, usually such that

∑m
i=1 li = 1, the objective is to

min
s∈S

m∑
i=1

liwi(s)

which, providing the existence of an algorithm for the associated single criteria prob-
lem, returns efficient solutions. To prove this, suppose that s∗ is a solution of
mins∈S

∑m
i=1 liwi(s) but is not a Pareto solution. Then, exists s ∈ S such that s ≺ s∗,

that is, wi(s) ≤ wi(s∗) for all i ∈ {1, 2, . . . ,m} and exists j ∈ {1, 2, . . . ,m} such that
wj(s) < wj(s∗). Therefore, for vector l = (l1, l2, . . . , lm), with li > 0, we have liwi(s) ≤
liwi(s∗) for all i ∈ {1, 2, . . . ,m} and exists j ∈ {1, 2, . . . ,m} such that ljwj(s) < ljwj(s∗)
which implies that

m∑
i=1

liwi(s) <

m∑
i=1

liwi(s∗).

This contradicts our hypotheses that s∗ is a solution of mins∈S
∑m

i=1 liwi(s). So, s∗,
solution of mins∈S

∑m
i=1 liwi(s), must be an efficient solution.

Although this result guarantees efficient solutions, it can not be used to solve all
multiple objective problems due to the fact that, for instance, the associated single-
objective problem might not have an efficient algorithm to solve it, as well as, different
weight vectors need not necessarily lead to distinct solutions, thus becoming a hard
task to produce a representative Pareto front.

2.2 MONACO

In this section we introduce the basic concepts of the Swarm Intelligence algorithms,
with particular emphasis in the Ant Colony Optimization, and conclude presenting the
MONACO algorithm.

2.2.1 Swarm intelligence and ACO

The swarms are complex adaptive systems that display emergent behavior and are the
base idea of the Swarm Intelligence algorithms. These algorithms are established over
the conduct of animals that are not considered to be intelligent, like insects. Besides, the
myth of the Honey Bee Queen or the Ant Queen, the last one well personified for in-
stance in the Antz film, does not have any relationship to the real swarm conduct, since
that, neither the queen nor any of swarm members has a command role in the swarm
dynamics. However, the group behavior of some of those social creatures, acting as a
swarm, reveal aptitude to solve very complex tasks.

One of the first swarm like organism to be studied in a mathematical point of view
was the slime mold. The slime mold oscillations between being a single creature and
a swarm are made according to their environment. Those changes are based not in
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a leader instructions but in a collective phenomenon that is triggered by a substance
called cyclic AMP. That substance sweeps the entire community, as each isolated cell
relays the signal to its neighbors. This conduct is now one of the classics studies in
bottom-up behavior. In the bottom-up problem solving concept, answers are produced
based on masses of elements, rather than in a chain of command supported by a single
supreme being. A more detailed overview of this studies can be seen in (Johnson,
2001) and a simulation can be run using the MIT StarLogo software first developed by
Mitchel Resnick (Resnick, 2005) .

The Swarm Intelligence algorithms mimic those swarm group actions to solve op-
timization problems, becoming an area of high interest in the last few years. In general,
the Swarm Intelligence algorithms employ a set of unfussy agents that react to envi-
ronmental signals to solve the proposed problems, using changes introduced by other
agents, and acting locally to produce complex global behavior. Furthermore, the use
of multiple agents as the advantage of searching for solution in multiple places at the
same time, having the control distributed, which produces robustness and flexibility.
Moreover, most of the times this algorithms can be parallelized in a very straight and
efficient way.

The Ant Colony Optimization (ACO) algorithms are, probably, the more spread
Swarm Intelligence algorithms (Dorigo, 1999). Introduced by Marco Dorigo, the ACO
is one of the most recent meta-heuristics that, as the name suggests, mimics the pil-
lager behavior of the ants colonies. This social insects work together for the welfare of
the colony in the detriment of the individual. Therefore, all the individuals work to a
common goal, making decisions based on a set of basic reactions to the surrounding
environment. To communicate the ants use a chemical substance called pheromone
that guides them between the nest and the food. As in the natural process, the artificial
method is based in a set of artificial agents that communicate using artificial trails of
pheromone. Those trails reflect the experience of the agents that have already solved
the problem and favor the creation of new solutions. The method comprises a set of
iterations where collections of solutions are obtained. At the end of each iteration, the
pheromone trails are updated taking into account the known solutions as well as a
certain pheromone evaporation.

2.2.2 MONACO

In (Cardoso, 2003) an multiple objective algorithm based on the ACO algorithms, called
MONACO, was used to simulate network flows. Compared to the ACO, some of the main
algorithmic differences were the use of multiple levels of pheromones, the existence
of the Pareto set of solutions and the use of explicit local optimizers to improve solu-
tions. The MONACO’s process starts by setting the pheromone trails, the Pareto set and do
some possible pre-computation. Then the method comprises a set of iterations where
solutions are obtained by the artificial ants, using the pheromone trails and local opti-
mization operators. With the achieved solutions the Pareto set is updated. At the end of
each iteration, the pheromone trails are also updated using some of the previous built
solutions. In Algorithm 1 we can see sketched a low-level description of the MONACO
procedure.

Multiple pheromone trails In MONACO each of those multiple pheromone trails values
are related to a weight. Usually, in network problems, to each edge we associate those
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Algorithm 1 Low-level description of the MONACO algorithm
output: Pareto set

1: Initialize the pheromone trails and the Pareto set
2: Do pre-computation
3: while stopping criteria is not met do
4: for all ants do
5: Construct a new solution using the pheromone trails
6: Apply local optimizer operators
7: Evaluate the solution and update the Pareto set
8: end for
9: Update the pheromone trails.

10: end while
11: return Pareto set

multiple pheromone trails, that represent the worth of that edge in the construction of
good solutions for the related cost. These values are strictly connected simultaneously
to the number of times that the edge belonged to solutions retrieved by the algorithm as
well as to the quality of those solutions. At the end of each iteration (step 9 of Algorithm
1) those pheromone trails are updated in all edges using the formula

τk(e) = ρkτk(e) + ∆τk(e), k ∈ {1, 2, . . . ,m}

where τk(e) is the quantity of pheromone associated to the k weight on edge e, 0 ≤
ρk ≤ 1 are persistence factors for the pheromone trails (1− ρk is the evaporation factor)
and ∆τk(e) is the amount of pheromone placed by the ants in that particular iteration.
This quantity is in the inverse proportion to the solution k-weight. For instance, if S
is the set of solutions built in some iteration, wk(t) the k-weight of solution t ∈ S and
Se = {t ∈ S : e ∈ t} is the set of solution to which e belongs, then

∆τk(e) =
∑
t∈Se

Q

wk(t)
, k = 1, 2, . . . ,m,

where Q is some constant related to the pheromone quantity that each ant leaves. Gen-
erally, Q is a value of the same magnitude of the solutions weights.

3 Multiple criteria minimum spanning trees

In this section we introduce some results to characterize the multiple objective min-
imum spanning trees problem. Having an undirected graph N = (V, E ,Z), where
V = {1, 2, . . . , n} is the set of nodes, E ⊂ V × V is the set of edges and Z : E → IRm

such that Z(e) = (z1(e), z2(e), . . . , zm(e)) is the weight vector function for edge e, we
can define a spanning tree as any connected acyclic subgraph ofN . Let TN ⊆ 2E be the
set of all spanning trees over N .

As in Section 2.1, for a spanning tree T , we can define the sum objective function,
also called weight or cost vector of T , by

W(T ) = (w1(T ), w2(T ), . . . , wm(T )) =

=

(∑
e∈T

z1(e), . . . ,
∑
e∈T

zm(e)

)
=

=
∑
e∈T

Z(e).
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For m = 1 a spanning tree of N is called a minimum spanning tree if its weight is
minimal over all spanning trees weights.

For the multiple objective case, m > 1, we use the definitions of dominance and
Pareto’s optimality (see also Section 2.1) to define the efficient set of the multiple criteria
optimization problem, mathematically stated as

min
T∈TN

∗ W(T ).

3.1 Some results on multiple objective minimum spanning trees

Let us consider that euv ∈ E is the edge defined by nodes u and v of V , Eu the set of
edges with origin u, M = {1, 2, . . . ,m}, VT is the set of nodes of subgraph T , ET the set
of edges of T , E|T is the set of edges defined in N by VT and N|T = (VT , E|T ,Z). To
simplify our notation, let T ′ = T −{e}∪{f} represent the graph obtained by removing
edge e and adding edge f to T , T ′ = (V, ET − {e} ∪ {f},Z).

In the our first result, we prove that if for some network we can replace an edge
by other that dominates the first, then the resulting network also dominates the former
one.

Lemma 3.1 Let e be an edge of a non empty subgraph G of N . If f is an edge of E − EG and
f dominates e, f ≺ e, then the graph G′ obtained by adding f to G and removing e from G,
G′ = G− {e} ∪ {f}, dominates G.

Proof: Since f dominates e then zi(f) ≤ zi(e) for all i ∈ M and zj(f) < zj(e) for
some j ∈ M . Therefore, from the first inequality, for all i ∈ M we have wi(G′) =
wi(G) + zi(f) − zi(e) ≤ wi(G) and, from the second, there is the guarantee that exists
j ∈ M such that wj(G′) = wj(G) + zj(f) − zj(e) < wj(G), which proves that G′

dominates G. �

Now let us define tree efficiency and prove that a spanning tree is efficient if and
only if all its subtrees are also efficient.

Definition 3.1 A subtree T is efficient if T is efficient over N|T .

By Definition 3.1 a tree T ∈ TN is efficient if there is no other tree S ∈ TN such that
S dominates T .

Theorem 3.1 A spanning tree is efficient if and only if all its subtrees are efficient.

Proof: Suppose that T has a subtree T ′ that is not efficient over N|T ′ =
(VT ′ , E|T ′ ,Z). Then, exists S′ ∈ N|T ′ such that S′ ≺ T ′, that is, wi(S′) ≤ wi(T ′) for
all i ∈ M and exists j ∈ M such that wj(S′) < wj(T ′). Now, for S = T − T ′ ∪ S′

we have wi(S) = wi(T ) − wi(T ′) + wi(S′) ≤ wi(T ) for all i ∈ M and wj(S) =
wj(T ) − wj(T ′) + wj(S′) < wj(T ) for some j ∈ M , which means that S dominates
T and consequently we have a contradiction. Therefore, all subtrees of T must be effi-
cient.

To prove the reciprocal, suppose that all subtrees of a tree are efficient and T is not
efficient. Then exists S that dominates T and, since T is a subtree of it self, we have a
contradiction which means that T must be efficient. �
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A cut of V is a partition of V in two non empty sets V1 and V2, that is, V = V1 ∪ V2

and V1 ∩ V2 = ∅. Let us also denote the set of the edges incident with one node in V1

and a node in V2 by E(V1,V2).

Lemma 3.2 Let T be a tree, euv ∈ ET and Vu,Vv the cut induced by the remotion of euv from
T . If ewz ∈ E(Vu,Vv) then T ′ = T − {euv} ∪ {ewz} is a tree.

Proof: Let Tu and Tv be the subtrees of T defined by Vu and Vv , respectively. Since
T is a tree, Tu and Tv are also trees (they are subtrees of T ) and by hypothesis they are
node-disjoint. Therefore, for ewz ∈ E(Vu,Vv), T ′ = (V, ETu

∪ ETv
∪ {ewz},Z) can not

contain any cycles and is connected which proves that T ′ is a tree. �

IfN is a connected network, we say that an edge euv ∈ E is a bridge if by removing
it the network becomes disconnected.

Definition 3.2 LetN = (V, E ,Z) be a network. An edge euv ∈ E is local or node efficient if
euv is not dominated by any edge in Eu (∀euw∈Eu

: euw 6≺ euv) and is local or node dominant
if euv dominates all edges in Eu − {euv} (∀euw∈Eu−{euv} : euv ≺ euw).

The following two theorems show that in some conditions an edge can exist in all
the efficient spanning trees.

Theorem 3.2 If euv is local dominant or euv is a bridge then euv belongs to all the efficient
trees.

Proof: The case in which euv is a bridge is trivial. Suppose now, that euv is node
dominant, T is an efficient tree from TN , (u, u1, u2, . . . , up, v) is the path from u to v in
T , euv does not belong to T and S is the tree (Lemma 3.2) obtained by replacing edge
euu1 by edge euv in T . Now, using Lemma 3.1 and since euv dominates euu1 , we can
conclude that S dominates T . Therefore, T is not an efficient tree, contradicting our
hypothesis, which implies that euv must belong to all efficient trees. �

From Figure 2 it is easy to see that the reciprocal of Theorem 3.2 is not verified. In
this case, there are 4 spanning trees T1 = {e1,2, e2,3, e3,4}, T2 = {e1,4, e2,3, e3,4}, T3 =
{e1,4, e1,2, e3,4} and T4 = {e1,4, e1,2, e2,3}, with weights W(T1) = (18, 15), W(T2) =
(16, 16), W(T3) = (15, 18) and W(T4) = (17, 17), respectively. Now, we can see that
edge e3,4 belongs to all efficient spanning tree, T1, T2 and T3, although it is not a bridge
neither local dominant.

Theorem 3.3 If for some cut V1, V2 of V exists an edge euv in E(V1,V2) such that euv domi-
nates all edges in E(V1,V2)− {euv} then euv belongs to all efficient spanning trees.

Proof: The case in which E(V1,V2) − {euv} = ∅ is trivial that euv belongs to all
spanning tree, since it is a bridge. Suppose now that E(V1,V2)−{euv} 6= ∅, euv does not
belong to some efficient tree T and let ewz be an edge in E(V1,V2)− {euv} that belongs
to the path between u and v in T . Then, by Lemma 3.2, S = T − {ewz} ∪ {euv} is a
spanning tree and, since euv ≺ ewz , from Lemma 3.1 can conclude that S dominates T
which contradicts our hypothesis that T is an efficient spanning tree. Thus euv must
belong to all spanning trees. �

If T is a tree and e an edge that does not belong to T then T ∪ {e} contains an
unique cycle denoted by CT (e).
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Figure 2: In this example all edges are node efficient. There are 4 spanning trees T1 =
{e1,2, e2,3, e3,4}, T2 = {e1,4, e2,3, e3,4}, T3 = {e1,4, e1,2, e3,4} and T4 = {e1,4, e1,2, e2,3},
with weights W(T1) = (18, 15), W(T2) = (16, 16), W(T3) = (15, 18) and W(T4) =
(17, 17), respectively. The efficient trees are T1, T2 and T3.

Theorem 3.4 If a spanning tree T is efficient and e belongs to E −ET then e does not dominate
any edge in the cycle CT (e), that is, ∀e∈E−ET

∀f∈CT (e) : e 6≺ f.

Proof: Suppose that T is an efficient spanning tree and exists e ∈ E − ET and
f ∈ CT (e) such that e ≺ f . Now, by Lemma 3.1, the tree S = T − {f} ∪ {e} ≺ T , since
e ≺ f which contradicts our hypothesis and therefore e can not dominate any edge
f ∈ CT (e). �

Theorem 3.5 If T is a spanning tree such that for all edges e of E − ET and for all edges f of
CT (e)− {e} we have f ≺ e then T is the unique efficient spanning tree.

Proof: Let S0 be a spanning tree, ES0 −ET 6= ∅ (if it was the empty set then S0 = T )
and e an edge in ES0 − ET . If we remove e from S0, we stay with two subtrees of S0:
S′0 and S′′0 . On the other hand, we know that e is dominated by all edges in the path
CT (e)− {e} and S′0 ∪ S′′0 ∪CT (e)− {e}will be connected again (not necessarily a tree).
If e′ is the edge that connects S′0 with S′′0 and S1 = S0 − {e} ∪ {e′} the tree obtained
by removing e from S0 and adding e′ then W(S1) = W(S0) − Z(e) + Z(e′). Now,
since by hypothesis e′ ≺ e then for all i ∈ M it verifies zi(e) ≤ zi(e′) and exist j ∈ M
such that zj(e) < zj(e′), which implies that wi(S1) ≤ wi(S0) for all i ∈ M and exist
j ∈M such that wj(S1) < wj(S0) and, therefore, S1 ≺ S0. This process can be repeated
while Si − T 6= ∅, obtaining a sequence of trees such that Sk ≺ · · · ≺ S2 ≺ S1 ≺ S0,
with k ≤ n − 1. At the end Sk = T , since Sk − T = ∅, which implies that any tree is
dominated by T . �

Given a cut V1, V2 of E , let Eef (V1,V2) be the set of efficient edges of E(V1,V2), that
is, Eef (V1,V2) = {e ∈ E(V1,V2) : f 6≺ e, f ∈ E(V1,V2)} .
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Theorem 3.6 If E ′ is the union of the efficient edges for all cuts E(V1,V2) over E , that is,

E ′ =
⋃

V1 V
Eef (V1,V − V1),

and N ′ = (V, E ′,Z) is connected, then any efficient spanning tree contains edges only in E ′.

Proof: Let S0 be a spanning tree and e 6∈ E ′ an edge in S0. If we remove e from S0 we get
two connected components S′0 and S′′0 . On the other hand, sinceN ′ is connected, exists
at least one edge e′ in E ′ connecting S′0 to S′′0 that does not belong to S0. Therefore, e′

dominates e and S1 = S′0 ∪ S′′0 ∪ {e′} = S0 − {e} ∪ {e′} dominates S0 (Lemma 3.1).
The process can now be repeated while Si as at least one edge in E − E ′, generating a
sequence of dominated trees, Sk ≺ · · · ≺ S2 ≺ S1 ≺ S0 for some k ≤ n − 1. Therefore,
all efficient spanning tree have edges only in E ′, since all spanning trees with edges not
in E ′ are dominated by at least one spanning tree with edges in E ′. �

4 MONACO applied to the multiple objective minimum spanning trees
problem

In this section we will describe our computational method, based in the MONACO algo-
rithm, which was used to solve the multiple objective minimum spanning trees prob-
lem. In our approach, the construction of a spanning tree by MONACO is divided in three
phases: in the first one a set of disjoint subtrees is built. Then, in the next phase, those
subtrees are joined to form a tree and, in the final one, a local optimizer operator is used
to improve the solution.

In the first two phases the process uses m pheromone trails, τ (k) (k = 1, 2, . . . ,m),
each one associated to a weight and a local heuristic. In the third phase the method
tries a simple edge swap to improve the solution returned from the first two phases.

4.1 Phase 1: construction of the disjoint subtree

In this first phase of the construction of a tree, the process begins by determining a set
of disjoint subtrees. It starts by randomly choose a node, u0, that does not belong to
any subtree. From that node we build a path, which is a subtree, by means of the order
addition of nodes, selected with probability puiui+1 given by formula:

puiui+1 =
∏m

k=1 τk(euiui+1)
αkwk(euiui+1)

−βk∑
z∈{v:euiv∈E}

∏m
k=1 τk(euiz)αkwk(euiz)−βk

, euiui+1 ∈ E , i = 0, 1, 2, . . . , (3)

where αk, βk ∈ IR+
0 (k = 1, 2, . . . ,m) are parameters related to the relative importance

of weight k and the local heuristic, wk(ui, v)−βk , respectively. This local heuristic favors
the addition of the more promising edges, with lower weights, which de per se improves
the convergence speed of the algorithm to the Pareto front. The subtree construction
stops when the selected node already belongs to some subtree. When that happens,
if the last selected node does not belong to the tree in construction, then we obtain a
subtree by joining the subtree under construction with the intersected tree. Otherwise,
the node that was selected already belongs to the subtree in construction that is disjoint
from any other. In this case, the chosen edge is discarded and this subtree is kept and
later joined with the other disjoint subtrees.
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The previous described process is repeated until all nodes belong to some subtree.
In Algorithm 2 we can see a low level description of the process and in Example 1 we
can see a typical run for a 8 node network.

Algorithm 2 Low-level description of the subtrees construction
input: N = (V, E ,Z), αk, βk(k = 1, 2, . . . ,m) . Network and algorithm parameters
output: Set of disjoint subtrees, T .

1: T ← ∅ . set of disjoint subtrees
2: L ← ∅ . node tabu list
3: while L 6= V do
4: T ← ∅
5: Randomly select a node u from V − L
6: L ← L ∪ {u}
7: out← false
8: repeat
9: Choose v with probability pu,v , using formula(3)

10: if v 6∈ L then . v does not belong to any subtree
11: T ← T ∪ {euv}
12: L ← L ∪ {v}
13: u← v
14: else . v already belongs to some subtree, T ′

15: if v 6∈ T and v ∈ T ′ then . T ′ 6= T
16: T ← T − {T ′}
17: T ← T ∪ T ′ ∪ {eu,v} . Fusion of trees T and T ′

18: end if
19: T ← T ∪ {T}
20: out← true
21: end if
22: until out = true ∨ L = V
23: end while
24: return T

Example 1: Consider a bi-objective network N (Figure 3) with associated edges
weights, (w1, w2), in Table 1. Suppose also that the process has been running for some
time, with parameters α1 = 1, α2 = 2, β1 = 2 and β2 = 2, and the pheromone trails
have values, (τ1, τ2), in Table 2.

1 2 3 4 5 6 7 8
1 (1,2) (3,3) (2,2) (1,2) (2,3) (5,4) (7,5)
2 (1,2) (1,1) (3,3)
3 (3,3) (2,3) (1,2)
4 (2,2) (1,1) (2,1)
5 (1,2) (3,3) (1,2)
6 (2,3) (2,3) (2,1)
7 (5,4) (1,2) (1,3)
8 (7,5) (1,2) (1,3)

.

Table 1: Matrix of weights: entries of the form (w1, w2)

The process of buildind the subtrees - Figure 4 - can be described as follow:
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Figure 3: Network example

1 2 3 4 5 6 7 8
1 (5,4) (1,2) (4,4) (5,4) (2,2) (1,1) (1,2)
2 (5,4) (3,4) (2,3)
3 (1,2) (4,4) (4,5)
4 (4,4) (3,4) (6,5)
5 (5,4) (2,3) (5,5)
6 (2,2) (4,4) (6,5)
7 (1,1) (5,5) (2,3)
8 (1,2) (4,5) (2,3)

.

Table 2: Matrix of pheromone trails: entries of the form (τ1, τ2)

Figure 4: Process to build the subtrees

Step 1 - Randomly select a node: 1. Using formula (3), the probabilities of adding each
of the adjacent nodes to node 1 are p1,2 = 0.452, p1,3 = 0.001, p1,4 = 0.090,
p1,5 = 0.452, p1,6 = 0.005, p1,7 = 0.0 and p1,8 = 0.0. Suppose that node 2 is
added - Figure 4 (a)-(b).
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Step 2 - From node 2 the probabilities of adding each adjacent node are p2,1 = 0.293,
p2,4 = 0.704 and p2,5 = 0.003. Consider that edge e2,4 is added - Figure 4
(b)-(c);

Step 3 - From node 4 the probabilities of adding each adjacent node are p4,1 = 0.044,
p4,2 = 0.536 and p4,6 = 0.419. Supposing that node 2 is chosen: it creates a
cycle. Therefore, we stop the construction of this subtree and randomly choose
other node to restart the process, like for example: node 5 - Figure 4 (c)-(d).

Step 4 - From node 5 the probabilities are p5,1 = 0.389, p5,2 = 0.004 and p5,7 = 0.607:
node 1 is added. Since node 1 belongs to a subtree previously determined, the
subtrees {e1,5} and {e1,2, e2,4} (the one in construction and the one to which
node 1 already belongs) are merged. - Figure 4 (d)-(e)

Step 5 - The process in steps 1 to 4 is repeated until all nodes belong to one subtree -
Figure 4 (f).

4.2 Phase 2: fusion of the subtrees

From the previous phase we have a set of subtrees T = {T1, T2, . . . , Tk}. Now we start
by picking one subtree from T , Ti, and then we look for a good connection to one of
the other trees, T − {Ti}. That connection is made by randomly choosing an edge euv

such that u ∈ Ti and v 6∈ Ti, that is, v ∈ Tj with Tj ∈ T − {Ti}, using formula

puv =
∏m

k=1 τk(euv)αkwk(euv)−βk∑
f∈Q [

∏m
k=1 τk(f)αkwk(f)−βk ]

, euv ∈ Q, (4)

where Q = {exy ∈ E : x ∈ VTi
∧ y 6∈ VTi

}. This process is repeated until it remains only
one tree. Algorithm 3 as low level description of this process and in Example 2 we can
see the continuation of Example 1, now in the fusion part.

Algorithm 3 Low-level description of the subtrees fusion
input: N = (V, E ,Z), T = {T1, T2, . . . , Tp}, αk, βk(k = 1, 2, . . . ,m) . Network, set of

disjoint trees and algorithm parameters
output: T . spanning tree

1: while |T | > 1 do
2: Randomly choose a subtree, Ti, from T
3: Using formula (4) randomly select euv such that u ∈ Ti and v ∈ Tj with i 6= j
4: T ← T − {Ti, Tj}
5: T ← T ∪ {Ti ∪ Tj ∪ {euv}}
6: end while
7: return T ∈ T . |T | = 1

Example 2: (Continuation of Example 1) After the first phase we have three trees,
{T1, T2, T3} - Figure 4 (f). Using formula (4) we can now proceed to the fusion of the
tree:

Step 6 - Randomly choose a subtree, for example T1, and connect it to other according
to formula (4): p1,3 = 0.001, p1,6 = 0.003, p1,7 = 0.0, p1,8 = 0.0, p4,6 = 0.543
and p5,7 = 0.453. Suppose that edge e5,7 is selected - Figure 5 (g)-(h).
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Figure 5: Fusion of the trees

Step 7 - Repeat last step until all subtrees are connected - Figure 5 (h).

Step 8 - Merged tree - Figure 5 (i).

4.3 Phase 3: local optimization operator

Finally, to improve the quality of the solution and accelerate the convergence of the
process to the Pareto front, we use a local search operator. The procedure consists of
trying to replace each edge euv of the tree by an edge of E(Vu,Vv) such that the tree is
improved.

Example 3: (Continuation of Example 2) In this phase, the process tries to replace
edges so that the tree is improved.

Figure 6: Local optimization operator

Step 8 - Edge e4,6 replaces edge e3,6 since edge e4,6 ≺ e3,6 - Figure 6 (j)-(k).

Step 9 - Edge e3,8 replaces edge e1,3 since edge e3,8 ≺ e1,3 - Figure 6 (k)-(l) .

Step 10 - Final tree - Figure 6 (l).

5 Computational results

In this section, we first introduce the network generators that were used, followed by a
brief description of the parameters used by MONACO and, finally, compare the solutions
returned the weighted sum method and the MONACO algorithm.
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5.1 Network generators

To test our MONACO algorithm implementation for the multiple objective minimum span-
ning tree problem, we used a set of complete networks with 50 nodes and two integer
weights in {1, 2, . . . , 100}. Those weight were established according to three categories:

Random The edge weights are set using an integer Uniform random distribution over
{1, 2, . . . , 100}, Ud(1, 100).

Correlated In this case the weights are set according to Algorithm 4. The objective
is to set the weights such that the correlation between them is approximated to some
predefined value r ∈ [−1, 1].

Algorithm 4 Setting edges with correlated weights
input: r, e . r - correlation, e - edge
output: w(e) = (w1, w2) . e weight vector

1: R←
[

1 sin[ rπ
6 ]

sin[ rπ
6 ] 1

]
2: Make the Cholesky decomposition of R, R = UT U
3: x← Φ(N(0, 1))− 0.5 . N(0, 1) - standard normal distribution
4: y ← Φ(N(0, 1))− 0.5 . Φ - N(0, 1) distribution function
5: (w1, w2)←

⌊
b
2

[
x y

]
U +

[
b
2

b
2

]⌋
+ 1

In Figure 7 we can see the edges weights cloud of points for r = −0.99 and r = 0.9.
According to the value of r, the Pareto front will present different shapes, that goes
from approximately a straight line when r ≈ −1, to a soft curve when r = 0, to a single
point when r = 1, as we shall see.
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20 40 60 80

20
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(a) (b)

Figure 7: Point cloud of the edges weights with (a) r = −0.99 and (b) r = 0.9

Concave The weights are generated such that the Pareto front is concave. This
case is adapted from the one presented by Knowles and Corne (2001) for the de-
gree constrained problem. The generator needs two small integer ξ and η such that
ξ < η � 100 − ξ. Then the weight vector of edge eij ∈ E is set according to Algorithm
5.
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Algorithm 5 Setting edges weights so that the Pareto front is concave
input: ξ, η, eij ∈ E . ξ is a small integer, ξ < η � 100− ξ
output: w(eij) = (w1, w2) . e weight vector

1: if i > 3 ∧ j > 3 then
2: return w(eij)← (Ud(ξ, η), Ud(ξ, η)) . Ud(a, b) - discrete integer Uniform for

{a, a + 1, . . . , b}
3: end if
4: if i ≤ 3

•
∨ j ≤ 3 then

5: return w(eij)← (Ud(100− ξ, 100), Ud(100− ξ, 100))
6: end if
7: if i = 1 ∧ j = 2 then
8: return w(eij)← (ξ, ξ)
9: end if

10: if i = 1 ∧ j = 3 then
11: return w(eij)← (1, 100− ξ)
12: end if
13: if i = 2 ∧ j = 3 then
14: return w(eij)← (100− ξ, 1)
15: end if

5.2 Results

In this section, we show some results obtained using MONACO for the multiple objective
minimum spanning trees problem. Due to the difficulty of represent and compare mul-
tiple solution (Fonseca, 1996) and the fact that the method converges to similar Pareto
fronts, we adopted to consider only typical runs of the method for each network.

Our results are measured up to a set of efficient solutions obtained using the
weighted sum, minT∈TN

∑m
i=1 liwi(T ), with a single objective algorithm to the mini-

mum spanning trees problem (see Section 2.1.2). That algorithm was run over 1000
combinations of the weight parameters, (li, 1− li) and li ∈]0, 1[.

In MONACO, the parameters used were ρ = 0.9 (pheromone trails persistence factor)
and αi and βi where randomly selected from {0, 2, 4, 6} in each iteration. This allows to
randomly give more emphasis to the weights that are to be minimized. Our test reveled
that using higher values for the parameter usually conduct to a faster stagnation of the
process. As expected, parameters equal to 0 leads to higher exploration of the search
space. For each set of parameter we used 5 iterations with 50 ants per iteration. If for
some set of parameters any new element was added to the efficient set, then extra 5
iterations were ran.

It was also obvious that the local optimizer represent a great role in the achieve-
ment of quality solutions. Although, the pseudo-random tree construction produces
near optimum trees it is also known that for some problems the Ant Colony algorithms
have difficulties to refine the solutions.

In Figure 8 (a) we can observe the evolution of the efficient front for a random net-
work and in (b) is represented the Pareto front obtained with MONACO and the weighted
sum implementations. In this case both methods produce similar fronts although the
weighted sum is slightly better in the center region.

18 Computing and Simulation Center CsC(TR): 2006-01



MONACO applied to the Multiple Criteria Minimum Spanning Trees Problem

0 500 1000 1500 2000
w1

0

500

1000

1500

2000

2500

w
2

Final set

Iteration 94

Iteration 52

Iteration 32

Iteration 3

Iteration 2

Iteration 1

(a)

(b)

Figure 8: For two 50 nodes random networks we can observe: (a) Evolution of the
efficient front for the MONACO method and (b) Pareto typical front for the MONACO and the
weighted sum implementations.

In Figure 9 we can see the Pareto front obtained for networks created using the
correlated generator for r = −0.99, r = 0.1, r = 0.9, and r = 0.99. For r = −0.99 the
weighted sum is partially better although not as much continuous as the MONACO out-
come. In the other cases, the MONACO outperforms in the number of efficient points pro-
ducing a much more continuous front. In particular, for these three cases the weighted
sum produces 18, 8 and 3 weight distinct solutions against the 135, 99 and 11 returned
by MONACO, respectively.

Finally, in Figure 10 we can notice that MONACO yield solutions in the concave region
in both cases, although it could not close the front for ξ = 2, η = 10 due to a possible
front gap.
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Figure 9: Pareto typical fronts for the MONACO and the weighted sum implementations,
for networks with 50 nodes obtained by the correlated generator with: (a) r = −0.99,
(b) r = 0.1, (c) r = 0.9, and (d) r = 0.99.
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Figure 10: Pareto typical fronts for the MONACO and the weighted sum implementations,
for networks with 50 nodes obtained by the concave generator with: (a) ξ = 10, η = 20,
and (b) ξ = 2, η = 10.

6 Summary and conclusion

Our recent algorithm as been introduced in this paper. The objective is to solve Multi-
ple Objective Network optimization problems based on the Ant Colony Optimization
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algorithms - MONACO. This algorithm can be applied to a large spectrum of problems
with no restriction on the number of objectives that can be real or integer positives. For
the purpose of testing the algorithm we used the bi-criteria minimum spanning trees
problem. Although no restriction were added to the problem, besides the network it-
self, it is straight forward to include constrains like node degree by including those
conditions on the pseudo-random formulas used by the process.

The success of the algorithm to produce worthy fronts can be devoted to informa-
tion sharing through the form of pheromone trails, the heuristics and the local operator
that speeds-up considerably the process.

For the tested problems, the MONACO algorithm provides good approximations to
the efficient set of solutions, as well as it can find solutions in the concave regions of the
Pareto front. Our tests also showed the capacity of tackle different types of fronts, like:
soft, concave, linear and with gaps. We also could see that for some problems, the use
of the weighted sum with a single objective algorithm provides a good Pareto front in
a fraction of the time needed by MONACO.

In the future, we would like to improve our theoretical results and apply them to
formulas (3) and (4) and to the pre and post processing of the solutions in a more effec-
tive way. We would also like to produce a benchmark to the minimum spanning trees
problem in study and test our methods with bigger networks. Finally, we also think
that it could be of great interest to test the algorithm in dynamic networks problems
like telecommunications or traffic networks.
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